SYMBOLIC EXTENSIONS FOR PARTIALLY 
HYPERBOLIC DIFFEOMORPHISMS 



LORENZO J. DIAZ, TODD FISHER 

Abstract. We show that every partially hyperbolic diffeomor- 
phism with a l-dimensional center bundle has a principal sym- 
bolic extension. On the other hand, we show there are no sym- 
bolic extensions C^-generically among difFeomorphisms containing 
non-hyperbolic robustly transitive sets with center indecomposable 
bundle of dimension at least 2. 



1. Introduction 

Symbolic dynamical systems arose as a tool to code complicated 
dynamical systems by the use of more tractable systems (shift spaces) . 
The existence of Markov partitions for hyperbolic systems provides an 
effective coding of these systems using symbolic dynamics. A natural 
question, that we address in the present work, is to what extent a 
non-hyperoblic system can be codified using symbolic systems. 

A dynamical system (A, /) has a symbolic extension if there exists a 
subshift {Y, cr) and a continuous surjective map vr : y — > A such that 
TT o 0" = / o vr: the system (Y, a) is called an extension of (A, /) and 
(A, /) is called a factor of {Y, a). 

1.1. Existence of symbolic extensions. Every dynamical system 
with a symbolic extension has finite entropy. J. Auslander asked if the 
converse holds. Namely, that if every system with finite entropy has a 
symbolic extension. In fact, the existence of symbolic extensions seems 
to be related to the notion of asymptotically /i-expansive systems, as 
defined by Misiurecicz [24j (in Section [2] we review all relevant notions 
in the introduction). A nice form of a symbolic extension is a principal 
one, that is an extension given by a factor map which preserves entropy 



Date: May 5, 2009. 

2000 Mathematics Subject Classification. 37D3G, 37C05, 37C20, 37B10. 

Key words and phrases. Symbolic extensions, partially hyperbolic, robust tran- 
sitivity, dominated splitting, homoclinic tangency. 

This paper was partially supported CNPq, Faperj, and PRONEX-Dynamical 
Systems (Brazil). The authors thank BYU and PUC-Rio for the support and 
hospitality during their visits while preparing this paper. 

1 



2 



LORENZO J. DIAZ, TODD FISHER 



for every invariant measure. Boyle, D. Fiebig, and U. Fiebig \10\ were 
able to show the following: 

Theorem 1.1 ([lOj). If{X,f) is asymptotically h-expansive, then f 
has a principal symbolic extension. 

Using a result of Buzzi [13] , that states that any C°° diffeomorphism 
is asymptoically /i-expansive one gets the following: 

Corollary 1.2 ([IHIIIB])- Every C°° map of a compact manifold has a 
principal symbolic extension. 

This result shows connections between the regularity of the maps 
and the existence of symbolic extensions. 

From now on we let Diff'^(M) be the space of C" diffeomorphisms of a 
closed compact manifold M endowed with the usual uniform topology. 
When r = 1 we simply write Diff(M). 

Conjecture 1.3 (Downarowicz and Newhouse [IS]). // / G Diff'"(M) 
and r > 2, then f has a symbolic extension. 

For instance, in a recent work Downarowicz and Maass |T8] have 
shown the above conjecture for maps of a closed interval. 

Besides the regularity of the system a second ingredient for the ex- 
istence of symbolic extensions seems to be hyperbolic-like properties. 
This is precisely the idea behind our first result. 

Theorem A. Every partially hyperbolic diffeomorphism with a 1-di- 
mensional center bundle is asymptotically h-expansive and therefore 
has a principal symbolic extension. 

The above result supports the principle of Pugh and Shub that "a 
little hyperbolicity goes a long way" [25] and the suggestion made to us 
by Burns [12] that 1-dimensional center partially hyperbolic systems 
in many ways behave like the hyperbolic ones. 

One important class of weakly hyperbolic dynamical systems are the 
robustly transitive ones. Given an open set U and a diffeomorphism 
/, we let Af{U) = Onez f^i^)'^ ^^^^ ^/(^) is robustly 

transitive if Af{U) C U and for every g C"^-close to / the set Ag{U) 
is transitive (has a point with a forward dense orbit). When U is the 
whole manifold we say / is robustly transitive. 

The first examples of robustly transitive sets were the hyperbolic 
basic sets (including transitive Anosov diffeomorphisms). Examples of 
robustly non-hyperbolic transitive diffeomorphisms were constructed 
by Shub [26j, Mane [23j, and others [31 [8]. Finally, the robustly transi- 
tive sets were introduced in [16j as a generalization of these examples. 
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Theorem 1.4 ([6l[l6]). Every robustly transitive set has a dominated 
splitting. 

In fact, there is a "finest" dominated sphtting: that is a dominated 
sphtting EiQ)- ■ -(BEk^f ) of TAj(f/) such that each subbundle Ei of the 
sphtting is indecomposibe (i.e. there is no dominated sphtting Gi © Fi 
of Ei), see P, Theorem 4]. AdditionaUy, some of the examples above 
are partiaUy hyperbohc and have a 1-dimensional center bundle. We 
have the following corollary to Theorem A. 

Corollary 1.5. Every robustly transitive set with a partially hyperbolic 
splitting and a center 1-dimensional direction has a symbolic extension. 

As a remark, we observe that this result shows that super-exponen- 
tial growth of the number of periodic points does not preclude the 
existence of symbolic extensions. Specifically, the generic diffeo- 
morphisms satisfying Corollary 11.51 have super-exponential growth of 
the number of periodic points [5]. 

1.2. Non-eistence of symbolic extensions. Boyle, D. Fiebig, and 
U. Fiebig [10] constructed a number of topological examples that have 
no symbolic extensions. The first examples of diffeomorphisms with 
no symbolic extensions were constructed by Downarowicz and New- 
house [in]. They show that a generic area-preserving diffeomor- 
phism of a surface is either Anosov or has no symbolic extension. This 
result relies on the existence of "persistent homoclinic tangencies." 

Asaoka [T] gives a simple example of diffeomorphisms in a 3-dimen- 
sional disk with persistent homoclinic tangencies, and uses the result 
of Downarowicz and Newhouse, to show that for any smooth manifold 
M with dim(M) > 3, there exists an open subset of Diff(M) in which 
generic diffeomorphisms have no symbolic extensions. Finally, he ex- 
tends this example to higher dimensions using normal hyperbolicity. 

We now describe another class of generic diffeomorphisms without 
symbolic extensions, and show how this is related with non-hyperbolic 
properties. 

Let U be an open set in a closed manifold M. Let T{U) be the 
set of diffeomorphisms, /, such that Af{U) is robustly transitive. Let 
T^^{U) denote the set of diffeomorphisms, /, such that Af{U) is not 
hyperbolic. We let T^^{U) be the subset of T"^^^{U) such that for each 
/ G T^^{U) there is a neighborhood V of / such that for each (7 G V 
the set Ag{U) has a non-hyperbolic center indecomposable bundle of 
dimension at least 2. 

Theorem B. There is a residual set TZ in Xp^{U) such that each 
diffeomorphism in TZ has no symbolic extension. 
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Relevant systems satisfying this theorem are the DA-diffeomorphisms 
of the four torus, T^, in |5j. In this case, = f/ and every non-trivial 
dominated splitting of the system is of the form E ® F where both E 
and F are two-dimensional and non-hyperbolic. 

We emphasize that the arguments in ^19j are all two dimensional 
and that their translation to higher dimensions is not straightforward. 
Most of Asaoka's paper deals with the existence of persistent tangencies 
and the proof of non-existence of symbolic extensions is quite brief 
and refers to [IP]. Moreover, it considers a very specific dynamical 
configuration. So we consider important to give a complete explanation 
of these arguments, provided in Section HJ in the general case. 

Theorems A and B raise the following natural question. 

Question 1.6. // a partially hyperbolic diffeomorphism has a center 
bundle that splits into 1- dimensional subhundles, then does it have a 
principal symbolic extension? 

2. BACKGROUND 

In this section we review some facts on subshifts, entropy, asymptotic 
/i-expansivity, hyperbolicity, and weak forms of hyperbolicity. 

2.1. Entropy. If we let A = {0, m — 1}, then the full m-shift is the 
space Sm = endowed with the product topology together with the 
map a : — > defined by a{s) = t where ti = Sj+i for all i & Z 
and all s = (sj) G S^. A shift space is a closed, shift invariant subset 
of a full shift. 

The existence and non-existence of symbolic extensions is related 
to the entropy structure of a dynamical system as defined by Dow- 
narowicz ^17j. We now review some basic definitions of topological and 
measure theoretical entropy. Let {X, d) be a compact metric space and 
/ be a continuous self-map of X. The dn metric on X is defined as 



and is equivalent to d and defined for all n > 0. For a set F C X a set 
A G Y is {n,e)- spanning if for any y E Y there exists a point x & A 
where dn{x,y) < e. The minimum cardinality of an (n, e)-spanning set 
of Y is denoted r„(F, e). The topological entropy for a system (X, /) is 



Let (X, i3, /i) be a Lebesgue measure space with /i(X) = L A par- 
tition of X is a collection ^ of measurable sets, ^ = {Ca E B\a & I}, 
such that 



dn{x,y) 



nmxd{f\x),f\y)) 




SYMBOLIC EXTENSIONS AND TRANSITIVITY 



5 



•M^/U«e/^")=o, 

• n{Ca) > for all a e /, and 

• iJ,{Cai n Cqj) = for ai ^ a2- 

For partitions ^ and v the joint partition of ^ and v is 

^ V 1/ = {C n D I c G D e z/, /x(C n D) > 0}. 

Let / be a measure preserving transformation of (X, i3, /x). For a 
measurable partition ^ and n e N we define the joint partition of ^ 
with respect to f for n to be the partition 

(1) ei{ = ev/-^(ov---vr"+^(e). 

The metric entropy of f relative to the partition ^ is 

(2) Kif^i)^ ^^-hM) 

n—*oo n 

where 

ael 

Then the entropy of f with respect to is 

h^if ) = sup{h^{f,^) I is a measurable partition with Hf^{^) < oo}. 

We now review the definition of asymptotic /i-expansivity. Given a 
subset Y G X we let 

f (y, e) = hm sup — log r„(Y, e) and h{f, Y) = hm f (Y, e) . 

n — ^oo n ^ ^0 

Wc denote the closed ball with center at x and radius e in the dn metric 
as Bl'{x). Let 

oo 
n=l 

Then 

h}{e)^suph{f,^,{x)). 

The map / is asymptotically h-expansive if 

]im h*f(e) = 0. 
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2.2. Hyperbolicities. We now review some definitions and facts of 
weak forms of hyperbolicity. For a diffeomorphism / of M a compact 
/-invariant set A has a dominated splitting if 

TaM = El © ■ ■ ■ © Efc 

where each Ei is non-trivial and ^/-invariant for 1 < i < k and there 
exists an m G N such that 

\\{Df'\E,{x)r^\\ < - 

for every n > m, i > j , and x G A. 

The set A is partially hyperbolic if it has a dominated sphtting 

TaM = Ei®---®Ek 

and there exists some n G N such that -D/" either uniformly contracts 
El or uniformly expands Ek- A diffeomorphism / is partially hyperbolic 
if the whole manifold M is partially hyperbolic. 

Finally, the set A is (uniformly) hyperbolic if it has a dominated 
splitting TaM = E'^ (B E^ where there exists some n G N such that 
D/" uniformly contracts E'^ and uniformly expands E^. 

Remark 2.1 (Appendix B.l in [7j). The properties of dominated split- 
ting and partial and uniform hyperbolicity are robust in Diff(M). 

A set A is locally maximal if there exists an open set U containing 
A such that A = Hnez /"(^)- ^ ^et is transitive if there exists a point 
in the set whose forward orbit is dense in the whole set. A hyperbolic 
set is a basic set if it is locally maximal and transitive. One of the 
important properties of hyperbolic sets is structural stability. This 
allows one to define the continuation of a hyperbolic sets. See [221 P- 
571-572]. For a hyperbolic set A = Aj of a diffeomorphism / we denote 
the continuation of A for g close to / by A^. 

For a partially hyperbolic diffeomorphism / with a splitting E'^ © 
j^c j^u know there exist unique families JF" and JF'^ of injectively 
immersed submanifolds such that T'^{x) is tangent to E'^ for i = s,u, 
and the families are invariant under /. These are called, respectively, 
the unstable and stable foliations of /. For the center direction it is 
known, in the general case, that there is no foliation tangent to the 
center bundle [20]. If the center bundle is 1-dimensional, then there 
always exist curves tangent to the center direction through every point. 
Such curves are called central curves. However, these curves need not 
be unique due to the fact that the center bundle, in general, is not 
Lipschitz. 
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3. Partially hyperbolic diffeomorphisms with 
1-dimensional center foliations 

In this section we prove Theorem A. We will see that the existence 
of a 1-dimensional center bundle will allow us to use 1-dimensional 
arguments to compute the entropy. Before proceeding we define some 
notation. For a curve 7] in M its lenght is denoted by |?7|. 




Figure 1 . Fohation box 



3.1. Proof of Theorem A. Let / G Diff(M) be partially hyperbohc 
with 1-dimensional center bundle. Throughout the rest of the proof 
we assume that TM = E'^ ® E'^ ® E"^ with each of these is nontrivial. 
The case where E'^ or E^ is trivial is a simplification and is omitted. 
Furthermore, we let dim(ii^'') = s. 

The first step of the proof is to show that there exists a "foliation 
chart" on a uniform scale. More precisely, define A as the maximal 
expansion of the derivative of / and select constants 5q,5i,52i> sat- 
isfying the following: 

• for every curve 7 tangent to E'^ with I7I < \5q and every s- 
disk A'^ C JF'^ with s-diameter less than 5i one has that 7 fl 
contains at most one point; and 

• for every (s + 1) -disks T of the form 
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where 7 is a curve tangent to E'^ with length bounded by 60 
and J-'s-^{y) is the 5i-disk centered at y contained in JF'^, and 
every w-disk A" C JF" with w-diameter less than 62 one has 
that T n A" contains at most one point. 

We select small 6 > such that X6 < 6i for i = 0,1,2. 

Fix a G (0,5/2). For each x E M consider a curve 7(0;) tangent 
to E'^ containing x with radius a. (So the extreme points of 7(x) are 
at distance a from x, where a < S/2.) This is possible since E'^ is 
1-dimensional. By construction, jFj [z) fl 7(0;) consists of at most one 
point for all x and z. 

We let 

^7W(^)= U •^"(^)- 

For small r > we define 

v'il^A^^ = U -^"(^)- 

For notational simplicity, we fix small a > and write 

For every e > sufficiently small and x G M we have 

B,{x) C V'^(x)(x). 
Note that this inclusion holds for all 7(0;) as above. See Figured! 

Remark 3.1 (Foliation chart). We selected 60 in such a way that for 
all central curve t] of size A 60 the cube 

Vr, = 1/^'" 

provides a foliation chart. (See for instance [151 P- 19] for a definition 
of a foliation chart.) 

Lemma 3.2. For every x G M and e small enough it holds that 

00 

Ux) = f]B:{x)cV^%)Jx). 

n=l 

Proof: We consider the forward orbit of x and define x„ = /"(x). For 
each n we define a central curve 7„ = 7(/"(x)) = 7(x„) such that 7„ 
is "compatible" with /(7„_i): this means we consider the components 
7^(x„) of 'jnixn) \ {x„} and have either 

• /(7^) C 7^+1 or 

• 7n+i C /(7^) or 
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• /(7^)n 7^+1 = 0. 

The "cubes" Vy^{xn) containing defined as above. 

Let z G By definition and construction, f"{z) = Zn & V^„{xn) 

for all n > 0. We let y be the unique point in V^^^.^ ^{x) such that 
z e ^aiy) and y' be the unique point in 7(x) such that y G J^^{y'). 
See Figured! 

We define y„, y'^, and Zn inductively. By construction, y'^ G 7n, 
otherwise, by Remark [XTl Zn ^ B^{xn)- 

If Zn ^ yn, then the uniform expansion along the unstable direction 
implies that there is a first n such that 2;„ and ?/„ can not be in the 
same foliation chart of radius a. To be more precise, by hypothesis, we 
know that ?/„ is in V^^{xn) for all n. If z„ ^ yn for some n the uniform 
expansion along the unstable direction implies that there is a first m 
such that Zm ^ V^mi^m)- Hence, z^ ^ B^{xm), a contradiction. This 
ends the proof of the lemma. □ 

Define 

r^(x) = fl /-"(7n). 

n>0 

Given a central curve r] of size at most 6q and a point y G we 
let y' be the unique point in r] such that y G T^{y'). 
Note that the proof of Lemma 13.21 gives the following: 

Claim 3.3. Let y G ^e{x). Then y' G r^(x). 

This claim implies that 

ir(p(x))i <25o. 

A folklore fact implies that the growth of an (n, 5)-spanning set in r'^(a;) 
is subexponential for all 5 > 0, see for instance [TU Lemma 3.2]. 

The next lemma will show that / is asymptotically /i-expansive, 
completing the proof of Theorem A. 

Lemma 3.4. For every a; G M and all 6 > small enough, 
f($e(x), S) = limsup — r„($e(a;), S) = 0. 

n— >oo ri 

Proof: Since / is uniformly contracting in the stable direction we know 
that any exponential growth of the spanning sets for ^^i^) occurs along 
r'^(a;). This means that we can focus on the growth of {n, (5)-spanning 
set in r^(a;). More precisely: 

Fact 3.5. Let Y be an {n, 6/ 2) -spanning set in r'^(a;). Then Y is a 
(n, 6)-spanning set in ^ /^'^ ^ sufficiently large. 
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By the comments above, this growth is subexponential and the proof 
of the theorem is complete. □ 

3.2. Proof of Corollary 11.51 It is enough to argue exactly as in Sub- 
section 13.11 considering a small neighborhood of the robustly transitive 
set where the bundles can be extended (recall Remark l2.1l) and consider 
balls in this neighborhood. 

4. DiFFEOMORPHISMS WITH NO SYMBOLIC EXTENSIONS 

This section consists of three parts. In the first one, in the context 
of non-hyperbolic robustly transitive sets (and diffeomorphisms) , we 
explain how the existence of a center indecomposable bundle of dimen- 
sion at least 2 generates persistent homoclinic tangencies, see Propo- 
sition 14. 2[ To get the non-existence of symbolic extensions we will use 
the 2-dimensional arguments in [19] . For that we need to consider spe- 
cial saddles in the robustly transitive set (saddles with real multipliers) 
and to see that the tangencies occur in a local normally hyperbolic sur- 
face. In the second one, we explain how the non-existence of symbolic 
extensions follows from this property. Finally, in the last section we 
prove Theorem B. 

4.1. Persistence of homoclinic tangencies. In this section we con- 
sider diffeomorphisms in T^^{U), that is, the subset of DifF(M) of 
diffeomorphisms / such that A/(f/) = flngz/"!^) ^ robustly tran- 
sitive set whose finest dominated splitting has some (indecomposable) 
center bundle with dimension at least 2. We begin by reviewing the 
constructions in ^ El El E]- 

Define M{U) as the set of diffeomorphisms / G Diff(M) such that 
Af{U) is robustly transitive and contains periodic points of different 
indices. Here the index of a periodic point is the dimension of its stable 
bundle. We let s~{f) and s~^{f) be the minimum and maximum of the 
indices of periodic points of A/(f/). 

The set M{U) is open and dense in the set T^^{U) of diffeomorphisms 
/ such that Af{U) is non- hyperbolic and robustly transitive, see |9J. 

Given a diffeomorphism / G A/'(f/), we consider the finest dominated 
splitting EiQ)E2(B- ■ ■©-Efc(/) of Af{U), see Theorem 4]. This means 
that every subbundle Ei of the splitting is indecomposable. We let 
a = Oi{f) be the first j G {1, . . . , k{f)} such that Ej is not uniformly 
contracting. Similarly, we let [3 be the last j G {1, . . . , k{f)} such that 
Ej is not uniformly expanding. Then Ei ® ■ ■ ■ ® Ea-i is a uniformly 
contracting bundle and -E/3+1 © ■ ■ ■ © is uniformly expanding. 
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Remark 4.1 (Corollary C in [9]). Define di = dim{Ei). There is an 
open and dense subset V{U) of M{U) such that following maps are 
locally constant: the number k{f) of bundles of the finest dominated 
splitting, the dimensions di of these bundles, and the numbers ot{f) 
and P{f)- 

Furthermore, the functions s^{f) = and s^{f) = s~*" are locally 
constant in V{U) and for every j G [s~, s^] there is a saddle of index 
j in Af{U). Finally, s~ = di + ■ ■ ■ + da-i and s+ = c/i + ■ ■ ■ + dj^. 

We are ready to state a key result about persistence of tangencies. 

Proposition 4.2. Let f G V{U) n TJ'''{U) and /ei Ei © ■ ■ ■ © be 

the finest dominated splitting ofAf{U). Consider I G [«(/), /?(/)] such 
that di>2. 

Suppose that pf G Af{U) is a saddle of index di + ■ ■ ■ + di^i + 1 such 
that its continuation is defined for every g in a neighborhood Uj C 
V{U) n Tp^i^U) of f . Then there is a dense subset T ofUf consisting 
of diffeomorphisms with homoclinic tangencies associated to Pg. 

Note that if / G V{U)nTJ'^{U) then there exists some / G [a, (3] such 
that di > 2 and therefore there is a saddle pj as in Proposition I4.2[ 

We observe that the conclusion of the proposition also holds if the 
saddle pf G Af{U) has index i = di + ■ ■ ■ + di^i + j, j > 1, with 
£ < c^i H Vdi. 

In what follows, we fix a component C{U) of V{U) fl T^^{U) where 
the maps in Remark 14.11 are constants and let 

r = di-\ h di-i + 1. 

We need to introduce some notation. Given a periodic point q we 
denote by r(g) its period and by 

Ai(g),...,A„(g) 

the eigenvalues of Df^^^^q) counted with multiplicity and ordered in 
non- decreasing modulus. We say that Aj(g) is the i-th eigenvalue of q. 

We define PerjR (/,[/) as the set of saddles q G A/(f/) such that all 
eigenvalues of q are real and different in modulus. We let Pei^^f, Uy 
be the subset of PeriR(/, U) of saddles of index j. We also consider the 
subset Per(/, ?7){ of PerK(/, Uy of points with period n. 

We define Per(/, UY^''^'^ as the set of saddles q G A/([/) such that 

|A,_i(g)| < |A,(g)| = |A,+i(g)| < 1 < |A,+2(g)| 

and \r{q) and \r+i{q) are non- real. Note that q has index r + 1. 
Fixed r as above consider the following subsets of C{U): 
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• V{U) := {g e C{U): PeT^{g,Uy and PerR(c/, f/)^+i are both 
dense in Ag{U)}. 

• J^(U) := {g G C{U): such that PeTc{g,UY^''+^ is open and 
dense in C{U)}. 

• 0{U) := {g e C{U): the sets PeTR{g,UY, PeTK{g,UY+^ and 
Perc(5', f/)'"'^+^ are all non-empty}. 

Next remark is just a djTiamical reformulation of some results about 
cocyles (Lemmas 4.16 and 5.4) in [B]. 

Remark 4.3. Let C{U) and r be as above. 

• ViU) is residual in C{U). 

• J^{U) and 0{U) are open and dense in C{U). 

An immediate and standard consequence of Hayashi's Connecting 
Lemma [21j is the next remark. 

Remark 4.4. There is a residual subset of C{U) such that for every g 
and any pair of saddles qg andq'g in Kg(U) of indices r+1 andr one has 
that W'^{qg) and W^^q'g) have some transverse intersection. Moreover, 
there are h arbitrarily close to g such that W'^{qh) fl W^{q'fj) ^ 0. 




Figure 2. Unfolding of a cycle for pg to create a tangency 



4. 1. L Sketch of the proof of Proposition 472. If we omit the condition of 
the persistence of the tangencies, this proposition is just Theorem F in 
[9] . We now explain how the persistence is obtained. This follows from 
standard arguments in the C^-topology that can be found in several 
papers. We now recall the main steps. 

Fix a saddle Pg of index r as in the proposition. By Remark 14. 3[ 
after a perturbation we can assume that Ag{U) contains a saddle qg G 
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PeTc{g,UY'^^^ of index r + 1. By Remark 14.41 we can assume that 
VV^lPg) and W'^lqg) has some transverse intersection. Therefore, we 
can assume that W'^{pg) spirahzes around W'^{qg). By Remark 14. 4[ 
after a perturbation, we can get an intersection between W'^{pg) and 
W'^{qg) (obtaining a cycle associated to Pg and qg). Unfolding this cycle, 
one gets a homoclinic tangency assoicated to Pg. These arguments are 
depicted in Figure [2l See for instance Section 2.2 [4J for details. 

4.2. Downarowicz-Newhouse construction. To begin this section 
we review the condition given in [19j that guarantees the non-existence 
of symbolic extensions, see Theorem 14.61 Using Proposition 14.21 we 
will then verify that there is a residual set TZ in 7^"^(f/) such that 
each / G 7^ satisfies this condition, and therefore every f ElZ has no 
symbolic extension. 

As we will examine invariant measures for a system (X,/), we re- 
view some basic facts of invariant measures. Let Ai{f, X) be the set of 
invariant measures and /iAe{f,X) be the set of ergodic invariant mea- 
sures for {X, /). If / is a homeomorphism of a compact metric space 
then Ai{f,X) is nonempty and satisfies the following (see [HI Section 
4.6]): 

• /iA{f,X) is convex and compact for the weak*-topology, and 

• A^e(/, X) is precisely the extreme points of A4{f,X). 

Let p(-, ■) denote the metric on A4{f,X) giving the weak*-topology. 
A sequence of partitions {ak} is essential if 

• diam(a;fc) ^ as /c — > 0, and 

• fj,{dak) = for any fi G M.{f,X), where dak is the union of 
the boundaries of the elements in the partition at- 

A simplicial sequence of partitions is a sequence {oik} of nested par- 
titions (each ttfc is a refinement of ctfc-i) whose diameters go to zero and 
such that for each ak the partition is given by a smooth triangulation 
of M. 

Proposition 4.5 (Proposition 4.1 in p^). Let {ak} he a simplicial 
sequence of partitions of M. Then there is a residual set S C DifF(M) 
such that if f E S, then {ak} is an essential partition for f . 

The next result is the condition used to prove that there is no sym- 
bolic extension. 

Theorem 4.6 (Proposition 4.4 in [19j). Let {ak} he an essential se- 
quence of partitions on M . Suppose there exists ane > and a compact 
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set S C A4{f, M) such that for every fi & S and every k > 0, 
limsup (h^if) - K{akJ)) > e. 

Then a symbolic extension for f does not exist. 

The construction involves measures supported on hyperbolic basic 
sets. By [27] these measures can be obtained as limits of periodic 
measures defined as follows. Let / G Diff(M) and p be a hyperbolic 
periodic point for / with period t{p). Then the periodic measure forp 
is 



Jf'ip), 



where is the point mass at 

Using Proposition 14.21 we will construct S as the closure of a certain 
set of periodic measures. 

Note that it is enough to prove Theorem B for the set V{U) HUf, 
see Remark 14.11 and Proposition 14.21 Therefore the number 

r = di-\ h di^i + 1 

in Propostion 14.21 remains fixed from now on. 

Let Xj{q) be the j-th eigenvalue of a saddle q. We let Xj{q) be the 
j-th Lyapunov exponent of q, i.e., 



and define 



(3) U) = inf{x,(g) : q E Per^l/, Uy}. 

For an ergodic measure /x we let be its j-th Lyapunov exponent. 

A hyperbolic set A is subordinate to a partition ^ if there exist com- 
pact sets Ai, Aj for some j > 1 such that 

• A = UiiA,,, 

• /(Aj) = Ai+i, for 1 < 2 < j - 1, and f{Aj) = Ai, and 

• Ai is contained in a single element of the partition ^ for all 
1 < ^ < J- 

Definition 4.7. A diffeomorphism f with an essential sequence of sim- 
plicial partitions {dk} satisfies property Si if for each q e PerR(/, 11)1^ 
the following hold: 
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(a) there exists a 0- dimensional hyperbolic basic set A{q,n) for f 
such that 

A{q, n) n dan = and A(g, n) C A(/, U), 

(b) the set A{q,n) is subordinate to an, 

(c) there is a fj, & A4e(/, A(g, n)) such that 

\Kif)-Xj{q)\ < l^xM, 

and 

(d) for every /i G A^el/, ra)) we have 

p{fi,fig) < ^ and Ixjifi) - Xj{q) \ < ^Xi(g)- 

Let / G 0{U) (see Remark IT3|l and let Tr{f, U) be the minimum pe- 
riod of points in Per]R(/, Uy . We let TV^i be the set of diffeomorphisms 
in 0{U) with r,(/,?7) = m. 

For m < let „ be the set of TV^ of diffeomorphisms satisfying 
property S^. 

Lemma 4.8. For every m and sufficiently large n the set ^ is open 
and dense in TZ^. 

Proof: The proof of the above lemma follows from the proof of Lemma 
5.1 in [in]. Since the sets A(g, n) are hyperbolic the sets I^^,n open 
(see [ini page 471]). Thus the crucial point is density and for that we 
use Proposition 14. 2[ 




16 



LORENZO J. DIAZ, TODD FISHER 



Fix n and m, with m < n, and consider a diffeomorphism g G TZ^ 
and a saddle q G PeriR(5f, U)"!^. By Proposition 14.21 after arbitrarily 
small perturbation we can assume that g has a homoclinic tangency 
associated to q. Since the r-th and (r + l)-th multipliers of q satisfy 

|Ar-i(g)| < |A,(g)| < 1 < |A,+i(g)| < |A,+2(g)|, 

after a new perturbation, we can assume that this tangency occurs 
in a "normally hyperbolic surface" vr: so there are curves 7'^ and 7" 
contained in W^{q) (1 vr and W^lq) fl vr having a quadratic homoclinic 
tangency. See for instance [U Affirmation] and Figure [31 Therefore, 
from now on the arguments are "2-dimensional" and we can follow [T^j. 

More precisely, let c be the tangency point. After a perturbation, 
for each large n, we get a hyperbolic set A{q,n) of / subordinate to 
the partition a„ and contained in a small neighborhood of the orbit of 
c such that /itop(/, A(g, n)) is close to Xr+iil), see [191 equation (43), 
page 484]. By construction, the set A(g, n) is contained in Af{U). This 
completes the sketch of the proof of Lemma 14. 8[ □ 

Remark 4.9. By construction, each periodic point q G A(g, n) satisfies 
Proposition^^ and belong to Per]R(/, Uy . Therefore, we can apply the 
previous construction to these saddles. 

4.3. Proof of Theorem B. Note that it is enough to prove a local 
version of this theorem for diffeomorphisms (7 G fl V/ fl 5, where S 
is the residual set in Proposition 14. 5[ Recall that for these diffeomor- 
phisms the functions a, /5, s~, and are constant. 

The proof is similar to the proof of Theorem 1.3 in [T9t pages 471-2]. 
Recalhng equatiom ^ define 

(4) Po = ^ 

and let 

= {P<? : ? e PerM(5(, Uf and Xr+i(g) > Po}, 

and set £{g) as the closure of £i{g). 

It is sufficient to verify the conditions of Theorem 14. 61 for Hq G £i{g)- 
More precisely, from Lemma 14.81 we know that for each n sufficiently 
large there exists a periodic hyperbolic basic set A{q,n) that is sub- 
ordinate to a„ and all ergodic measures of A(g, n) are - close to fig. 
Moreover, from (d) in Definition 14.71 

Ti — 1 

Xr+l(p) > Xr+l{q) 

n 
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and from (c) in Definition 14.71 for every Un G A1e(5', A(g, n)) it holds 
that 

TL — 1 

(5) KXa) > —^Xr+i{q)- 

Lemma 4.10. Me{g, -^{q,n)) C £{g). 

Proof: Just recall that every ergodic measure supported on a hyper- 
bolic basic set is the weak*-limit of periodic measures for periodic points 
in the set, see [27]. Moreover, by Remark 14. 9 [ the periodic points in 
A(g, n) belong to Per]R((yf, Uy . □ 

Lemma 4.11. Let G Alels', n)). Then hy^^{an,g) = 0. 

Proof: Recall that (see equations ([1]) and ([2])) 

hun{g,Oin) = lim iJ;,„((a„)f) = lim — z/„(A) logz/„(A). 

Since A(g, n) is subordinate to a„ the sum is constant for each j, see [HI 
464]. Therefore this limit goes to as j ^ oo. □ 

Fix fco ^ N and a measure G S-(^g\ By Theorem 14.61 it is enough to 
prove that there exists a sequence ^ such that 

(6) lim sup - KA(^ko,g)) > Po- 

n^oo 

Fix a sequence ?7„ G £^((7) converging to /i. 

By definition of S{g), we know that for each ?7„ there is is a periodic 
measure fig G £^1(5') arbitrarily close ?7„. Then by (d) in Definition 14.71 
and Lemma 14.101 there exists G A4e{g, C S{g) which is close 

to Hg. 

Take large n > ko, the a„ is a refinement of a^g, we have from 
Lemma [4.111 that hi,^{ako,g) = 0. Then, from and the choice of po 
in equation (jlj), for n sufficiently large we have 

KAa) - KA(^ko,g) > Xr+i g > = po- 

n 2 
Since z/„ converges to /i we get ([6]), ending the proof of the theorem. □ 

References 

[1] M. Asaoka. Hyperbolic sets exhibiting C^-persistent homoclinic tangency for 
higher dimensions. Proc. Amer. Math. Soc, 136(2):677-686, 2008. 

[2] C. Bonatti and L. J. Diaz. Abundance of C^-robust homochnic tangencies. 
preprint. 

[3] C. Bonatti and L.J. Diaz. Persistent nonhyperbohc transitive difFeomorphisms. 
Ann. of Math. (2), 143(2):357-396, 1996. 



18 LORENZO J. DIAZ, TODD FISHER 

[4] C. Bonatti and L. J. Diaz. Connexions heteroclines et genericite d'une infinite 
de puits ou de sources. Ann. Scient. Ec. Norm. Sup., 32:135-150, 1999. 

[5] C. Bonatti, L. J. Diaz, and T. Fisher. Supergrowth of the number of periodic 
orbits for non-hyperbolic homoclinic classes. Discrete and Cont. Dynamic. Sys- 
tems, 20(3):589-604, 2008. 

[6] C. Bonatti, L. J. Diaz, and E. Pujals. A C^-generic dichotomy for diffeomor- 
phisms; weak forms of hypcrbolicity or infinitely many sinks or sources. Annals 
of Math., 158(355-418), 2003. 

[7] C. Bonatti, L. J. Diaz, and M. Viana. Dynamics beyond uniform hypcrbolicity. 
A global geometric and probabilistic perspective., volume 102 of Encyclopaedia 
of Mathematical Sciences. Springer- Verlag, Berlin, 2005. 

[8] C. Bonatti and M. Viana. SRB measures for partially hyperbolic systems whose 
central direction is mostly contracting. Israel J. Math., 115:157-193, 2000. 

[9] Ch. Bonatti, L. J. Dfaz, E.R. Pujals, and J. Rocha. Robustly transitive sets 
and heterodimensional cycles. Asterisquc, 286:187 222, 2003. 
[10] M. Boyle, D. Fiebig, and U. Fiebig. Redidual entropy, conditional entropy, and 

subshift covers. Forum Math., 14:713-757, 2002. 
[11] M. Brin and Stuck G. Introduction to Dynamical Systems. Cambridge Univer- 
sity Press, 2002. 
[12] K. Burns, personal communication. 

[13] J. Buzzi. Intrinsic ergodicity for smooth interval maps. Isreal J. Math., 
100:125-161, 1997. 

[14] J. Buzzi, T. Fisher, M. Sambarino, and C. Vasquez. Intrinsic ergodicity for 
certain partially hyperbolic derived from Anosov systems, preprint. 

[15] A. Candel and L. Conlon. Foliations I, volume 23 of Graduate Studies in Math- 
emaMcs. American Mathematical Society, Providence, RI, 2000. 

[16] L. J. Diaz, E. Pujals, and R. Ures. Partial hypcrbolicity and robust transitivity. 
Acta Math., 183:1-43, 1999. 

[17] T. Downarowicz. Entropy structure. /. Anal. Math., 96:57-116, 2005. 

[18] T. Downarowicz and A. Maass. Smooth interval maps have symbolic exten- 
sions. Inventiones Math., 176(3):617-636, 2009. 

[19] T. Downarowicz and S. Newhouse. Symbolic extensions in smooth dynamical 
systems. Inventiones Math., 160(3):453-499, 2005. 

[20] N. Gourmelon. Diffeomorphismes robustement transitifs. Master's thesis, Univ. 
Grenoble, 2003. 

[21] S. Hayashi. Connecting invariant manifolds and the solution of the stability 

and w-stability conjectures for flows. Annals of Math., 145:81-137, 1997. 
[22] A. Katok and B. Hasselblatt. Introduction to the Modern Theory of Dynamical 

Systems. Cambridge University Press, 1995. 
[23] R. Mane. Contributions to the stability conjecture. Topology, 17:383-396, 1978. 
[24] M. Misiurewicz. Diffeomorphim without any measure of maximal entropy. Bull. 

Acad. Pol. Sci., ser sci. math, astr. et phys, 21:903-910, 1973. 
[25] C. Pugh and M. Shub. Stably ergodic dynamical systems and partial stably 

ergodic dynamical systems and partial hyperbolicity. J. Complexity, 13:125- 

179, 1997. 

[26] M. Shub. Global Stability of Dynamical Systems. Springer- Verlag, New York, 
1987. 



SYMBOLIC EXTENSIONS AND TRANSITIVITY 



19 



[27] K. Sigmund. Generic properties of invariant measures for Axiom-A- 
diffeomorphisms. Inventiones Math., 11:99-109, 1970. 

Depto. Matematica, PUC-Rio, Marques de S. Vicente 225, 22453-900 
Rio de Janeiro RJ, Brazil 

Department of Mathematics, Brigham Young University, Provo, UT 

84602 

E-mail address: lodiazQmat.puc-rio.br, tfisherQmath.byu.edu 



